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An  experimental  program  has  been  conducted  to  investigate  the  phys¬ 
ical  processes  occurring  in  vortex  stabilized  arcs,  with  and  without  an 
applied  axial  Magnetic  field.  Arc  temperature  Measurements  indicate 
centerline  temperature  to  be  insensitive  to  arc  current  and  chamber 
pressure.  Centerline  temperature  was  found  to  decrease  when  arc  length 
was  increased,  when  orifice  area  was  decreased  and  when  axial  magnetic 
field  strength  was  increased.  Magnetic  field  strength  could  only  be 
increased  to  a  "critical"  value,  at  which  point  the  discharge  moved  off 
the  centerline  line  of  the  chamber  and  attached  to  its  walls.  A 
"stability  criterion"  has  been  derived  to  estimate  the  strength  of  the 
"critical*'  magnetic  field.  Experimental  data  agrees  very  well  with  the 
derived  expression..  Measurements  have  been  made  to  determine  arc 
"optical"  diameter.  There  was  an  "apparent"  increase  in  arc  diameter 
when  the  magnetic  field  was  applied  which  got  larger  as  the  field 
strength  was  increased.  However,  high  speed  resolution  of  light  inten¬ 
sity  from  the  arc  indicated  that  arc  diameter  did,  in  fact,  not  increase 
but  that  the  arc  went  into  a  helix.  Helix  diameter  increased  as  magneti 
field  strength  increased.  Heat  flux  measurements  indicate  that  it  is 
possible  to  reduce  conduction  and  convection  losses  from  the  arc  to  zero 
except  at  the  electrodes  and  in  the  nozzle.  The  radiation  measurements 
indicate  that  it  is  possible  to  reduce  radiation  losses  from  an  arc  by 
increasing  arc  length,  making  the  flow  through  the  orifice  a  minimum  and 
by  using  as  strong  an  axial  magnetic  field  as  is  possible. 
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FOREWORD 


This  technical  report  docuaents  the  results  of  a  progrin 
at  ARL  for  investigating  the  interaction  of  an  electric  arc 
with  an  applied  magnetic  field.  The  program  was  executed  by 
Dr.  G.  L.  Cann,  in  the  capacity  of  a  Visi  ting  Scientist  at  Aero¬ 
space  Research  Laboratories  through  Technology  Incorporated, 
and  was  part  of  an  overall  effort  to  understand  the  processes 
occurring  in  high  power,  high  pressure  electric  discharges  in¬ 
teracting  with  g  6  flows  where  parallel  or  transverse  magnetic 
fields  may  or  may  not  be  cpplied.  The  work  was  initiated  in 
the  Thermonechanics  Research  Laboratory  by  Mr.  E.  Soenghen  and 
Mr.  Kenneth  Cramer  and  completed  in  the  Fluid  Dynamics  Facilities 
Research  Laboratory  under  the  technical  cognizance  of  Mr.  Elmer 
Johnson. 

The  author  is  indebted  to  numerous  colleagues  within  ARL 
who  contributed  to  this  research.  Among  them  are  Messrs.  Herbert 
Schrade,  James  Miller,  Frank  Jarvis  and  Larry  Burden,  and  Capts. 
Charles  Miller,  James  Radley  and  Alan  Hunter. 
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ABSTRACT 


An  experimental  program  has  been  conducted  to  investigate 
the  physical  processes  occurring  in  vortex  stabilized  arcs, 
with  and  without  an  applied  axial  magnetic  field.  Arc  teapera 
ture  aeasureaents  indicate  centerline  teaperature  to  be  insen¬ 
sitive  to  arc  current  and  chamber  pressure.  Centerline  tea¬ 
perature  was  found  to  decrease  when  arc  length  was  increased, 
when  orifice  area  was  decreased  and  when  axial  magnetic  field 
strength  was  increased.  Magnetic  field  strength  could  only  be 
increased  to  a  "critical"  value,  at  which  point  the  discharge 
moved  off  the  centerline  line  of  the  chamber  and  attached  to 
its  walls.  A  "stability  criterion"  has  been  derived  to  esti¬ 
mate  the  strength  of  the  "critical"  magnetic  field.  Experi¬ 
mental  data  agrees  very  well  with  the  derived  expression. 
Measurements  have  been  aade  to  determine  arc  "optical"  diame¬ 
ter.  There  was  an  "apparent"  increase  in  arc  diameter  when 
the  magnetic  field  was  applied  which  got  larger  as  the  field 
strength  was  increased.  However,  high  speed  resolution  of 
light  intensity  from  the  arc  indicated  that  arc  diameter  did, 
in  fact,  not  increase,  but  that  the  arc  went  into  a  helix. 
Helix  diameter  increased  as  magnetic  field  strength  increased. 
Heat  flux  measurements  indicate  that  it  is  possible  to  reduce 
conduction  and  convection  losses  from  the  arc  to  zero  except 
at  the  electrodes  and  in  the  nozzle.  The  radiation  measure¬ 
ments  indicate  that  it  is  possible  to  reduce  radiation  losses 
from  an  arc  by  increasing  arc  length,  making  the  flow  through 
the  orifice  a  minimum  and  by  using  as  strong  an  axial  magnetic 
fiold  as  is  possible. 
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SECTION  I 


INTRODUCTION 


Designing  arc  heaters  that  can  maintain  an  average  gas  en¬ 
thalpy  level  of  over  5xl07  kJoule/kg  while  producing  a  gas  flow 
with  an  impact  pressure  of  over  100  atmospheres  provides  one  of 
the  most  difficult  challenges  to  arc  scientists  and  engineers 
at  the  present  time. 

Arc  heaters  of  the  Linde  design  are  capable  of  operation 
in  this  pressure  regime,  but  they  produce  enthalpies  of  under 
0.75xl07  kJoule/kg  (see  Refs.  1,2).  Constricted  arc  heaters 
have  not  been  operated  reliably  at  pressure  levels  of  over  100 
atms  and  even  then,  their  enthalpy  has  been  less  than  1.5xl07 
kJoule/kg  (Refs.  3,4).  Scaling  laws  for  constricted  arc  heaters 
(Ref.  5)  indicate  that  an  "optimum"  constricted  arc  heater  can 
perhaps  operate  at  enthalpies  of  close  to  2xl07  kJoule/kg  when 
the  stagnation  pressure  is  about  150  atmospheres.  The  major 
problem  in  the  design  of  any  coaxial  arc  heater  is  to  keep  the 
power  loss  from  the  arc,  due  to  radiation,  lower  than  the  power 
transferred  to  the  gas.  Since  at  a  given  enthalpy,  the  power 
radiated  from  the  arc  increases  at  least  linearly  with  pressure, 
it  is  obvious  that  techniques  to  keep  the  radiation  as  low  as 
possible  provide  the  clues  to  the  design  of  high  pressure  arc 
heaters.  The  added  fact  that  for  a  given  pressure  the  radia¬ 
tion  increases  exponentially  with  temperature  allows  one  to 
define  the  optimization  needed.  It  is  best  described  as  a 
"mini-max"  problem  and  can  be  stated  as  follows:  an  arc,  in¬ 
teracting  with  a  coaxial  gas  flow  in  a  cylindrical  chamber  where 
the  stagnation  pressure  is  p0  and  the  Mach  number  is  low,  should 
heat  the  gas  to  an  average  enthalpy  h0  without  allowing  the  en¬ 
thalpy  in  the  arc  to  rise  significantly  above  h0  at  any  axial 
or  radial  position.  To  accomplish  this,  the  discharge  must  be 
made  to  remain  diffused  and  the  mass  must  all  flow  through  the 
arc  channel,  i.e.,  mixing  of  the  gas  flow  and  arc  must  occur, 
at  least  near  the  outled  end. 

The  phenomena  that  promote  mixing  of  the  gas  in  the  arc  with 
the  external  flow  regains  unclear.  For  this  reason,  techniques 
of  estimating  or  controlling  the  arc  radius  in  heater  designs 
are  unreliable.  It  seems  clear  that  the  turbulence  level,  the 
vorticity  of  the  flow  and  the  circulation  in  the  gas,  as  well  as 
the  geometry  of  the  heater,  all  play  important  roles  in  the  "mix¬ 
ing"  process.  Very  large  temperature  and  velocity  gradients  exist 
in  the  arc  heated  gas.  This  gas  therefore  contains  a  high  vor- 
ticity  level.  The  exterior  flow,  even  though  it  may  be  turbulent 
and  spinning  can  often  be  considered  as  a  potential  flow.  A  very 
general  law  states  that  these  two  flows  cannot  mix.  The  potential 
xlow  can  feed  into  the  flow  of  high  vorticity  but  material  from 
this  region  cannot  enter  the  region  of  potential  flow.  The  re¬ 
sult  of  the  principle  is  very  important:  Arc  heated  gas  cannot 
be  mixed  with  the  surrounding  gas  at  any  position  along  the  arc 
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even  though  the  turbulence  level  is  high.  The  effect  of  free 
stream  gas  dynamic  turbulence  is  thus  reduced  to  increasing 
the  rate  of  mass  injection  into  the  arc  and  thus  causing  the 
diameter  to  increase  more  rapidly  than  would  occur  in  laminar 
flows. 

In  constricted  arcs,  it  seems  likely  that  the  vorticity 
produced  in  the  wake  of  the  cathode  and  in  the  wall  boundary 
layers  is  instrumental  in  promoting  strong  mixing  of  the 
whole  flow  with  the  arc.  This  has  the  advantage  of  allowing 
large  mass  flow  rates  to  be  heated  in  relatively  short  dis¬ 
tances  at  the  expense,  however,  of  very  large  wall  heat  loads 
due  to  turbulent  convection.  In  the  Linde  type  heaters  the 
size  of  the  vortex  core,  in  which  the  vorticity  in  the  gas 
is  concentrated,  probably  has  the  strongest  influence  upon 
the  arc  size.  There  is  likely  a  one  to  one  correspondence 
between  the  two  diameters . 

To  maintain  reasonably  sized  flow  fields  in  which  to  test 
models  at  high  stagnation  pressure,  the  power  level  becomes 
very  high.  Once  levels  of  over  20  Megawatts  in  the  gas  flow 
are  required,  the  efficiency  with  which  the  gas  is  heated  be¬ 
comes  a  major  economic  consideration.  Every  effort,  therefore, 
must  be  expended  in  obtaining  the  bent  efficiency  possible  in 
the  arc  heater.  This  requires  minimizing  the  conduction  heat 
losses  as  well  as  the  radiation  losses.  For  this  reason,  it 
is  important  to  vortex  stabilize  the  arc  on  the  centerline  of 
a  large  diameter  chamber,  so  that  conduction  losses  are  re¬ 
duced  to  near  zero  in  this  portion  of  the  heater. 

The  conditions  under  which  it  is  possible  to  stabilize  the 
arc  on  the  centerline  of  the  device  are  not  well  understood. 

The  first  problem  caused  by  arc  instability  occurred  very 
early  in  the  history  of  arc  heaters.  It  was  found  that  if  the 
arc  channel  was  much  smaller  than  the  constrictor  diameter, 
the  arc  did  not  stay  on  the  centerline,  but  moved  about  in  an 
apparently  random  manner,  causing  severe  local  heating  and 
often  wall  erosion,  especially  near  the  inlet.  Examples  of 
this  can  be  found  in  Ref.  6.  This  problem  was  solved  experi¬ 
mentally  by  introducing  the  gas  tangentially  to  the  heater 
column,  thus  vortex  stabilizing  the  arc.  The  only  disadvan¬ 
tage  of  this  procedure  was  that  under  certain  conditions  gas 
recirculations  would  occur;  i.e.,  the  vortex  would  become  un¬ 
stable  and  break  down  into  secondary  flows.  These  secondary 
flows  would  often  carry  hot  gas  to  critical  structural  compo¬ 
nents  and  cause  local  burning.  Some  knowledge  of  how  the 
vortex  stabilizes  the  arc  and  under  what  conditions  secondary 
flows  develop  is  needed  for  adequate  design  of  the  gas  injec¬ 
tion  flow  system. 

A  second  type  of  arc  instability  was  found  to  occur  when 
an  axial  magnetic  field  was  applied  along  the  column.  This 
instability  has  been  studied  extensively  by  Yuen  (Ref.  7). 

He  found  that  the  arc  assumed  a  corkscrew  shape  and  was  con- 
vected  through  the  column  by  the  gas  flow.  His  studies  also 


indicated  that  the  arc  could  be  stabilized  by  both  the  radial 
temperature  and  velocity  gradients  in  the  column.  Provided 
that  the  corkscrew  arc  does  not  touch  the  wall,  there  is  reason 
to  believe  that  this  arc  could  be  more  effective  than  the  axially 
stabilized  arc  for  heating  the  gas.  The  technique  to  analyze 
this  process  is  not  immediately  apparent;  hence,  some  experi¬ 
ments  could  be  of  value  in  clarifying  the  parameters  of  the 
problem. 

In  this  report,  the  results  of  a  group  of  experiments  aimed 
at  investigating  some  of  the  fundamental  physical  processes  dis¬ 
cussed  above  of  the  arc -gas  flow  interaction  are  presented.  The 
experiments  were  conducted  in  a  device  where  wall  interactions 
with  the  processes  were  eliminated  by  vortex  stabilizing  the 
arc  near  the  centerline  of  a  large  diameter  chamber. 


SECTION  II 

NATURE  AND  SCOPE  OF  THE  INVESTIGATION 


This  experimental  program  had  several  objectives.  The  first 
was  to  study  the  flow  field  in  a  vortex  chamber  with  divided  flow, 
part  exiting  through  a  central  orifice,  the  remainder  through  an 
exit  slit.  The  distribution  of  circulation,  pressure  and  turbu¬ 
lence  was  to  be  determined  by  probes.  The  occurrence  and  nature 
of  any  vortex  breakdown  phenomena  was  also  to  be  investigated. 
Secondly,  the  behavior  of  an  arc  in  the  flow  was  to  be  studied. 
Several  specific  questions  were  considered  most  relevant.  One 
was  concerned  with  the  etc  path.  It  is  known  that  in  some  vor¬ 
tex  chambers  at  a  high  enough  Reynold’s  number  (based  on  through- 
flow),  the  vortex  core  ’’breaks  down”;  i.e.,  it  can  move  off  the 
centerline  and  forms  a  helix  (Ref.  8).  Whether  the  arc  follows 
this  helical  path  or  takes  some  intermediate  path  is  a  question 
of  importance  to  arc  heater  design. 

Another  question  of  importance  is  that  of  determining  the 
arc  radius  and  centerline  temperature.  Also,  the  parametric 
manner  in  which  they  change  with  arc  current,  gas  flow  rate, 
chamber  pressure,  etc.  needs  to  be  known.  It  has  been  found 
extremely  difficult  to  formulate  this  problem  analytically  be¬ 
cause  no  fixed  ’’boundary”  occurs  in  the  vortex  core  at  which 
temperature  and  velocity  values  can  be  applied.  It  was  hoped 
that  some  experimental  data  could  be  of  value  in  determining 
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the  nature  of  the  boundaries  values  to  this  problem  so  that 
some  reliable  analytic  technique  could  be  developed  for  in¬ 
vestigating  this  type  of  arc-gasflow  interaction. 

Lastly,  some  interesting  phenomena  had  been  observed  to 
occur  by  the  author  and  co-workers  when  an  axial  magnetic  field 
was  applied  to  an  axial  arc  in  a  constrictor  (Ref.  6);  e.g., 
the  arc  radiation  was  observed  to  decrease  as  the  magnetic 
field  was  increased  at  low  arc  currents  but  little  effect 
occurred  at  high  arc  currents.  Also  at  low  arc  currents  the 
wall  heat  flux  increased  considerably.  It  was  hoped  that  the 
nature  of  the  phenomena  occurring  could  be  determined  with  the 
equipment  at  Aerospace  Research  Laboratories. 


SECTION  III 
EXPERIMENTS 


Over  the  past  few  years  an  impressive  array  of  experimental 
equipment  has  been  accumulated  in  the  Thermomechanics  Laboratory 
at  Aerospace  Research  Laboratories  for  investigating  electric  dis¬ 
charge  phenomena.  Because  of  this  it  was  possible  to  conduct 
this  project  using  existing  equipment  with  only  minor  modifica¬ 
tions.  The  specific  device  used  had  been  assembled  for  investi¬ 
gations  into  the  feasibility  of  reducing  the  radial  thermal  con¬ 
duction  from  a  vortex  stabilized  arc  by  using  an  axial  magnetic 
field.  This  concept  was  promoted  by  Alfven  (Ref.  9)  and  tests 
in  an  annular  configuration  have  been  conducted  by  PieKaar,  et  al. 
(Ref.  10). 

The  major  change  that  was  made  in  the  equipment  was  to  remove 
a  rod  anode  and  replace  it  by  a  cylindrical  anode  with  the  orifice 
being  1.0  cm  or  0.S  cm  in  diameter.  This  equipment  was  designed 
by  F.  Jarvis  and  fabricated  by  Technology  Incorporated. 


1.  EXPERIMENTAL  EQUIPMENT 

A  schematic  diagram  of  the  experimental  equipment  used  in 
the  arc  interaction  investigations  is  shown  in  Figure  1.  It 
consists  of  the  following  components: 
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a)  A  water  cooled  copper  cylinder  with  an  internal 
diameter  of  8.6  cm  and  length  of  51  ca.  The 
chaaber  is  designed  so  that  gas  can  be  injected 
aziauthally  over  its  entire  length  through  a 
slit  which  communicates  with  a  pressure  inlet 
manifold.  Similarly,  gas  is  removed  from  the 
chamber  at  the  outer  periphery  through  another 
slit.  The  gap  of  this  inlet  slit  is  1  mm, 
that  of  the  outlet  2  mm.  Access  for  viewing 
the  discharge  is  provided  by  a  quartz  end-wall 
on  the  cathode  end  of  the  chamber.  Six  view¬ 
ing  windows  are  also  provided  in  3  diagonally 
opposed  sets  along  the  body  of  the  chamber. 

b)  A  conical  tungsten  cathode  is  mounted  on  a  water 
cooled  copper  rod.  The  rod  passes  through  a 
seal  in  the  quartz  end  plate  of  the  chamber 

and  can  be  moved  throughout  the  length  of  the 
chamber.  The  drive  mechanism  permits  axial  mo¬ 
tion  back  and  forth  at  a  speed  of  about  2  cm/ 
sec.  The  arc  length  can  thus  be  varied  over 
a  range  of  5  cm  to  over  35  cm  while  the  dis¬ 
charge  current  is  flowing. 

c)  An  anode  assembly  is  mounted  on  the  end  plate 
opposite  to  that  of  the  cathode.  It  consists 
of  a  water-cooled  copper  dylinder  of  1  cm  in¬ 
ternal  diameter  that  is  15  cm  in  length. 

During  the  program  another  anode  of  1/2  cm  in¬ 
ternal  diameter  and  6  cm  length  was  also  used. 

d)  A  set  of  8  Magnion,  water-cooled  coils  are 
placed  along  the  length  of  the  chamber  to  pro¬ 
vide  a  fairly  uniform  axial  magnetic  field. 

The  coils  provide  15  gauss  per  ampere  of  mag¬ 
net  current.  The  magnetic  field  strength  is 
completely  variable  from  0  to  over  12,000 
gauss.  Provision  is  made  so  that  the  magnet 
current  can  be  reversed. 

The  flow-rate  of  gas  into  the  chamber  is  controlled  by 
using  a  variable  area  sonic  nozzle.  The  calibration  of  the 
sonic  orifice  in  terms  of  the  orifice  area  control  setting  (f*) 
is  shown  in  Figure  2.  The  pressure  in  the  chamber  can  be  varied 
for  a  fixed  f*  by  opening  or  closing  a  valve  on  the  by-pass  gas 
system  which  controls  the  flow  through  the  exit  slit  of  the 
chamber. 

2.  ELECTRICAL  AND  HEAT  BALANCE  INSTRUMENTATION  AND  MEASURE¬ 
MENTS 

Provision  was  made  to  continuously  record  eight  channels 
of  data.  The  data  recorded  was  changed  periodically  but  for 
most  of  the  experiments  the  following  information  was  recorded: 


S 


a)  The  arc  current. 

b)  The  arc  voltage. 

c)  The  R.M.S.  value  of  the  arc  voltage 

fluctuations  in  the  range  100-1500  kz. 

d)  The  R.M.S.  value  of  the  arc  voltage 
fluctuations  in  the  range  1500-10,000  kz. 


e)  The  R.M.S.  value  of  the  arc  voltage 
fluctuations  in  the  range  10,000-100,000  kz. 

f)  The  magnet  current. 

g)  The  arc  length. 


h)  The  radiation  intensity  as  determined  by  the 
output  from  a  photo-cell  focused  on  the  arc 
a  few  millimeters  in  front  of  the  anode. 


The  power  absorbed  by  the  cooling  water  was  determined  by 
measuring  temperature  rises  in  the  water  and  the  water  flow  rate. 
The  following  power  measurements  were  made: 

a)  The  power  in  the  anode  cooling  water. 

b)  The  power  in  the  cathode  cooling  water. 

c)  The  power  in  the  water  circuits  that  cooled 

the  copper  arc  chamber. 

d)  The  power  in  the  by-pass  gas. 

e)  The  power  in  the  gas  exhausted  through  the 
central  orifice. 

Bes'des  these  measurements,  thermocouples  were  used  to 
measure  temperature  of  the  gas  leaving  both  the  "by-pass” 
calorimeter  that  swallowed  the  orifice  gas  flow. 

Since  power  levels  of  from  20  kw  to  150  kw  were  dissipated 
in  the  discharge,  the  instrumentation  was  designed  to  measure 
accurately  power  levels  of  over  0.5  kw.  Throughout  the  testing 
program  no  measurable  power  was  ever  recovered  from  the  by-pass 
gas  and  the  temperature  of  the  gas  remained  consistently  at 
values  considerably  lower  than  60*C.  This  measurement  led  to 
the  very  important  conclusion  that  the  by-pass  gas  was  never 
heated  either  by  conduction  or  convection  from  the  arc.  Also, 
all  of  the  power  collected  in  the  chamber  cooling  vater  was 
due  to  radiation  from  the  hot  gas  in  the  arc.  This  ability  to 
unambiguously  measure  the  radiated  power  made  it  possible  to 
measure  some  of  the  fundamental  properties  of  the  arc -gas  flow 
and  arc-magnetic  field  interactions. 
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Even  at  the  highest  currents  the  power  in  the  cathode  cool¬ 
ing  circuit  was  always  less  than  II  of  the  input  power.  This 
meant  that  the  power  could  practically  all  be  accounted  for  by 
measuring: 

a)  The  power  radiated  to  the  chamber  from  the  arc. 

b)  The  power  radiated  and  conducted  to  the  anode. 

c)  The  power  convected  out  of  the  central  orifice 
with  the  gas  flow. 

Some  curves  representing  t/pical  values  of  the  arc  poten¬ 
tial  drop,  the  power  radiated,  and  the  anode  power  loss  in 
argon  and  nitrogen  are  presented  in  Figures  3  through  15. 

3 .  TEMPERATURE  MEASUREMENTS 

It  was  decided  to  try  and  measure  the  temperature  of  the 
arc  using  the  most  easily  available  technique.  A  device  to  scan 
the  arc  through  a  side  window  was  constructed.  A  slit,  a  5460  A 
filter  and  a  photomultiplier  were  placed  on  the  scanning  device 
and  optics  arranged  to  focus  the  image  of  the  arc  on  the  slit. 

A  standard  lamp  was  used  to  obtain  an  absolute  calibration  of  the 
intensity.  The  intensity  values  were  plotted  and  the  best  smooth, 
symmetric  profile  was  drawn  through  the  points.  Several  of  the 
intensity  curves  are  shown  in  Figures  16  through  19.  The  smoothed 
data  was  then  inverted,  using  a  standard  program  for  the  Computer. 
The  "inverted"  intensities  were  then  converted  into  temperatures 
using  the  data  and  extrapolation  formulae  given  by  Morris  (Ref. 
11).  The  relation  between  intensity  at  5460  A  and  temperature 
that  was  used  for  argon  and  nitrogen  at  2  atmospheres  pressure 
are  shown  in  Figures  20  and  21.  It  should  be  noted  that  all  of 
the  values  below  9000°K  are  extrapolated  and  hence  subject  to 
considerable  error. 

The  measured  values  of  centerline  temperature  and  arc 
radius  are  presented  in  Table  I.  Several  temperature  profiles 
are  shown  in  Figures  22  and  23. 

Provision  was  made  for  measuring  the  temperature  at  two 
positions.  One  was  just  a  few  millimeters  in  front  of  the  anode. 
The  other  was  17.3  cm  upstream  of  this  position. 

4.  MEASUREMENT  OF  ARC  "OPTICAL"  DIAMETER 

Three  different  pieces  of  equipment  were  used  from  which 
the  arc  "optical"  diameter  could  be  estimated.  The  first  was 
the  device  for  scanning  the  aic  through  the  5460  A  filter  de¬ 
scribed  in  Paragraph  I I I. 3.  The  "optical"  diameter  in  this  case 
will  be  defined  as  the  diameter  at  which  the  intensity  measure¬ 
ment  is  lower  than  the  peak  value  by  a  factor  of  20.  Values  of 
this  optical  diameter  (dj)  are  presented  in  Table  II. 
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The  second  method  of  estimating  an  "optical"  arc  diameter 
was  by  using  a  "slow  disc"  device,  i.e.,  one  that  scanned  auto* 
matically  across  the  arc  8  times  a  minute.  The  disc  had  8  holes 
0.33  m.m.  in  diameter  drilled  in  it  at  a  radius  of  l.S  cm.  It 
was  mounted  on  the  second  hand  of  a  clock  drive  so  that  it  ro¬ 
tated  once  every  minute.  An  image  of  the  arc  was  focused  on  the 
disc  and  a  photo  cell  was  placed  behind  the  wheel.  The  signal 
from  the  photocell  was  amplified  and  recorded  on  one  channel  of 
an  Offner  recorder.  The  optical  diameter  ds,d.  was  estimated 
from  this  measurement  by  determining  the  diameter  at  which  the 
signal  had  dropped  to  51  of  its  peak  value.  Some  values  of 
this  optical  diameter  dc.j,  are  shown  in  Table  III. 

The  third  piece  of  equipment  used  to  estimate  an  optical 
diameter  was  similar  to  the  slow  disc.  The  main  difference 
was  that  the  disc  rotated  at  30  hz  instead  of  1/60  hz.  The 
construction  of  this  device  is  discussed  in  Paragraph  III.S. 

The  optical  diameter  dr  was  estimated  from  the  oscilloscope 
traces  obtained  from  tnis ‘machine  by  once  again  determining 
the  pulse  width  at  which  the  signal  had  dropped  to  51  of  its 
peak  value.  Some  values  of  this  optical  arc  diameter  dp<(j> 
are  presented  in  Table  IV. 

5.  MAGNETIC  FIELD  EFFECTS 

When  an  axial  magnetic  field  was  superposed  along  the  axis 
of  the  arc  a  number  of  effects  were  observed. 

In  argon: 

1)  The  light  intensity  and  the  total  radiated  power 
from  the  arc  decreased  as  the  magnetic  field 
strength  was  increased.  Figure  24. 

2)  The  arc  voltage  remained  almost  constant  or  de¬ 
creased  slightly.  Figure  25. 

3)  The  luminous  area  of  the  discharge  increased  in 
cross-sectional  area  as  the  magnetic  field  strength 
was  increased,  Figure  26. 

4)  The  electrical  noise  level  did  not  change  signifi¬ 
cantly  over  the  frequency  ranges  being  studied. 

Figure  27. 

Similar  effects  were  observed  in  nitrogen  gas  except  that 
the  voltage  increased  substantially  a?  the  magnetic  field  strength 
was  increased,  Figures  28  through  32. 

For  all  cases  tested,  as  the  magnetic  field  was  increased  a 
critical  magnetic  field  strength  was  found  at  which  the  arc  moved 
discontinuously  from  near  the  centerline  of  the  chamber  to  the 
chamber  wall.  Fastex  motion  pictures  of  the  transition  indicated 
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that  the  arc  apparently  enlarged  and  then  developed  a  very  turbu¬ 
lent  appearance  for  a  short  period  of  time.  A  current  filament 
then  appeared  extending  radially  outward  fron  the  anode  to  the 
chamber  wall  and  rotated  clockwise.  A  similar  current  filament 
developed  at  the  cathode  end  extending  fron  the  chamber  wall  to 
the  cathode.  This  filament  rotated  counterclockwise.  The  arc 
was  never  run  in  this  node  for  nore  than  a  few  seconds. 

It  is  postulated  that  the  transition  observed  occurred  at  a 
magnetic  field  strength  high  enough  such  that  the  gas  vortex  was 
no  longer  strong  enough  to  stabilize  the  discharge  on  or  near  the 
centerline.  This  transition  point  is  hence  called  the  stability 
limit. 

In  order  to  study  the  phenomena  associated  with  the  "apparent 
enlarging"  of  the  arc  at  weak  nagnctic  field  strengths*  a  special 
device  was  constructed.  This  consisted  of  a  disc  20  cm  in  di¬ 
ameter  mounted  on  the  synchronous  motor  that  spun  it  at  30  or 
60  hz.  A  hole  0.33  mm  in  diameter  was  drilled  at  a  point 
76. 5  mm  from  the  disc  centerline.  A  photo  cell  was  mounted 
on  the  disc  behind  the  hole  and  the  signal  from  it  was  brought 
out  through  slip  rings.  The  signal  was  displayed  on  an  oscil¬ 
loscope  that  had  a  time  delay  built  into  the  sweep  so  that  the 
signal  could  be  centered.  The  light  fron  a  side  port  in  the 
arc  chamber  was  focused  on  the  disc*  which  was  placed  at  a 
distance  of  about  2  meters  from  the  discharge.  The  optical 
system  had  an  amplification  of  about  a  factor  of  4. 

A  series  of  pictures  taken  with  this  device  arc  shown  in 
Figure  33.  The  magnetic  field  is  aligned  in  the  direction  of 
the  cathode  and  the  field  strength  is  progressively  increased 
throughout  the  series.  In  Figure  34  a  second  series  of  oscil¬ 
loscope  pictures  fron  the  rotating  disc  are  shown  in  which  the 
magnetic  field  is  directed  toward  the  anode. 

When  no  magnetic  field  is  applied  the  intensity  curve  is 
seen  to  be  similar  to  a  gaussian  distribution.  When  a  small 
magnetic  field  is  applied  and  directed  toward  the  cathode  a 
wave-like  structure*  superposed  on  the  gaussian*  appears.  The 
frequency  is  approximately  12*000  hz  near  the  centerline  and 
6*000  hz  near  the  edge  and  does  not  change  significantly  as 
the  magnetic  field  strength  is  increased.  By  reversing  the 
direction  of  the  applied  magnetic  field  the  frequency  of  the 
oscillations  is  greatly  reduced  (compare  Figures  33  and  34). 

Since  the  noise  generated  by  the  discharge  does  not  in¬ 
crease  but  rather  decreases  in  argon  when  the  magnetic  field 
strength  is  increased*  the  oscillations  observed  must  be  "space- 
like”  rather  than  "time-like.”  On  the  basis  of  these  observa¬ 
tions  it  was  postulated  that  the  application  of  the  magnetic 
field  drives  the  arc  into  a  helix.  The  "effective”  arc  diame¬ 
ter  changes  shown  in  Figure  26  can  be  explained  by  the  diameter 
of  the  helix  increasing  as  the  magnetic  field  is  increased. 
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The  frequency  change  which  occurs  by  reversing  the  aagnetic 
field  can  be  accounted  for  by  as  ..using  that  the  vortex  is  c<$n- 
vccted  with  the  gas  at  or  near  the  combined  axial  and  aziauthal 
velocities. 


It  is  possible  to  estimate  the  frequency  of  the  observed 
light  fluctuations  by  Baking  soae  staple  calculations.  The 
helix  will  always  fora  in  such  a  Banner  as  to  increase  the 
centerline  aaguetic  field  strength.  Looking  toward  the  anode 
the  gas  spins  counterclockwise.  When  the  applied  aagnetic 
field  points  toward  the  cathode  the  helical  arc  will  be  wound 
counterclockwise  progressing  toward  the  cathode.  The  observed 
frequency  (£+)  at  any  position  would  then  be  given  by 


where 

w 

wv 

X 

f* 


f*  • 


uv 
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axial  velocity  a  point  of  observation 
angular  velocity  of  vortex  cove 
wave  length  of  helix 
observed  frequency  of  arc  spin. 


When  the  aagnetic  field  points  toward  the  anode,  the  observed 
frequency  (f-)  would  be 


In  Appendix  I  the  liiht  intensity  seen  by  the  photo  cell 
on  the  spinning  disc  has  been  coaputed  for  an  arc  with  a  para¬ 
bolic  profile  of  radiated  power/vol.  This  expression  is 

i  ■  j  (Ay)1  Y0  <1-M - 2 - - - : — : — )  ) 

where 

Ay  ■  diaaeter  of  hole  in  spinning  disc 

R4  •  radius  on  the  disc  at  which  hole  is  Bade 

<04  "  angular  spin  frequency  of  disc 

R  ■  radius  of  helix 

U£  •  specific  radiation  at  center  of  arc 

Y0  "  ere  radius 
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When  the  angular  extension  of  the  arc  on  the  disc  is  snail 
the  approxination  that  sin  fat^t^^t  can  be  aade.  Hence,  when 
the  helix  radius  R  is  zero  (no  applied  magnetic  field)  then 
the  expression  for  the  light  intensity  becones 


i 


(  I-  (!S2J*i)>)  »/* 

To 


This  expression  is  plotted  in  Figure  35.  Experimental  points 
fron  a  measured  intensity  profile  are  shown  for  comparison. 

The  agreement  appears  to  be  quite  good. 

The  curves  in  Appendix  I  showing  the  computed  intensity 
profiles  for  a  spinning  and  translating  helix  agree  qualitatively 
with  the  measured  profiles  shown  in  Figures  33  and  34.  Discrep¬ 
ancies  between  the  theoretical  and  experimental  curves  can  probably 
be  explained  by  one  or  more  of  the  following: 

a)  The  wavelength  of  the  helical  arc  path  is  not 
constant. 

b)  The  current  may  break  up  into  two  or  more  helical 
arc  paths. 

c)  The  axial  and  radial  velocities  vary  both  radially 
and  axially  and  hence  the  helix  nay  be  assynaetric. 

d)  The  attachment  points  on  the  anode  and  cathode  nay 
cause  the  discharge  to  move  relative  to  the  gas  by 
controlling  the  arc  spin  rates  near  the  electrodes. 

The  program  schedule  did  not  permit  investigations  into  any 
of  these  hypotheses;  hence  complete  correlation  between  theory 
and  experiment  was  not  feasible. 

6.  ARC  STABILITY  INVESTIGATIONS 

When  the  arc  wts  operated  in  argon  it  was  possible  to  increase 
the  magnetic  field  rapidly  and  have  the  chamber  pressure  and  arc 
current  remain  constant.  In  nitrogen  this  was  not  the  case  be¬ 
cause  of  the  rapid  incretse  of  arc  voltage  with  increasing  magnetic 
field.  For  this  retson,  the  experiments  for  establishing  the  arc 
stability  limits  were  conducted  «in  argon.  The  procedure  followed 
was  to  set  the  injection  velocity,  chamber  pressure  and  arc  current. 
The  magnetic  field  was  then  turned  on  and  snowly  increased  (.2 
Tesla/sec.)  A  high  speed  recorder  (25  mm/sec)  traced  out  contin¬ 
uously  and  simultaneously  on  graph  paper  the  velues  of  magnetic 
current,  arc  current,  arc  voltage,  arc  electrical  noise,  arc  radia¬ 
tion  intensity  and  tne  optical  noise  level  of  the  radiation.  A 
sample  trace  is  shown  in  Figure  36. 
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The  criterion  for  determining  the  critical  magnetic  field 
strength  was  to  pick  the  point  at  which  a  discontinuity  occurred 
in  the  arc  potential  drop.  The  transition  was  repeatable  and  un¬ 
ambiguous  over  most  of  the  range  of  parameters  investigated.  Some 
difficulty  was  encountered  in  obtaining  a  clean  transition  at  low 
spin  velocities  when  the  arc  current  was  high.  Transition  was  ex¬ 
pected  at  very  low  values  of  the  applied  magnetic  field.  Electrode 
erosion  and  non- steady  behavior  were  often  observed  in  this  regime; 
hence  no  data  was  obtained  for  transition  due  to  the  self -magnetic 
field  alone. 

The  experimental  data  is  plotted  in  Figure  37.  The  equation 
developed  in  Reference  6  for  the  stability  criterion  was  used  to 
define  the  correlation  parameters.  Some  arbitrary  assumptions 
were  made  in  order  to  express  the  destabilizing  and  stabilizing 
forces  in  terms  of  measured  quantities.  These  were: 

1)  The  wavelength  or  pitch  of  the  helix  was  equal 
to  the  orifice  or  anode  radius  Ra> 

2)  The  gas  density  difference  (P0~Parc)  w*s  approxi¬ 
mated  by  using  the  gas  density  at  300*K  and  at 
the  pressure  measured  near  the  centerline. 

3)  The  gas  spin  velocity  v***c  was  approximated  by 
computing  the  sas  inlection  velocity  (m  RTw/ 

6  Lpw)  and  dividing  it  by  a  factor  of  two  and 
then  multiplying  it  by  the  radius  ratio  Rw/Ra» 
the  wall  radius  divided  by  the  anode  radius. 

This  was  done  on  the  basis  of  some  experimental 
information  obtained  from  hot  wire  measurements 
in  a  vortex  chamber  with  no  arc,  where  the  spin 
velocity  at  the  anode  radius  appeared  to  be 
approximately  one  half  of  what  would  occur  if 
it  were  a  potential  vortex  flow  (constant  cir¬ 
culation)  . 

Because  of  these  assumptions,  the  degree  of  correlation  ob¬ 
tained  is  completely  fortuitous.  Also,  since  the  transition  is 
from  a  "stable"  helical  arc  to  spinning  radial  current  filaments, 
there  is  some  doubt  as  to  the  applicability  of  the  stability  equa¬ 
tion  used.  Until  further  studies  can  be  conducted  it  seems  best 
to  use  the  data  and  the  stability  criterion  only  as  guides  to 
estimating  critical  magnetic  field  strengths  in  similar  configura¬ 
tions. 

7.  EFFECTS  OF  PLACING  A  FILTER  CIRCUIT  IN  SERIES  WITH  THE  ARC 

At  certain  values  of  arc  power  it  was  observed  that  a  rather 
high  360  hz  ripple  component  occurred  in  the  arc  potential  drop 
ana  in  the  luminous  power  radiated  from  the  discharge.  For  this 
reason  it  was  decided  to  construct  a  filter  system  and  put  it  in 
the  arc  circuit.  The  filter  consisted  of  a  water  coolea  coil 
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(inductor) (* 2m. h)  in  series  with  the  arc  and  a  condenser  bank 
(*.05f)  across  the  discharge.  The  procedure  used  in  determining 
the  effectiveness  of  the  filter  was  as  follows: 

1)  The  inductor  was  always  kept  in  the  circuit. 

2)  The  arc  was  started  with  the  condenser  bank 
disconnected. 

3)  The  condenser  bank  was  charged  up  to  the  arc 
potential  by  connecting  it  across  the  arc  elec¬ 
trodes  through  a  charging  resistor  (IK  ohns). 

4)  Once  the  condensers  were  charged  to  within  a 
few  volts  of  the  arc  potential  drop,  the 
charging  resistor  was  shorted  out  with  a 
switch. 

In  argon,  when  the  charging  resistor  was  shorted  out,  a  very 
significant  reduction  in  the  noise  level  occurred  over  all  the 
frequency  ranges  being  monitored  (see  Figure  38).  Also,  the  opti¬ 
cal  ripple  dropped  from  a  value  of  about  101  to  less  than  It. 

In  nitrogen,  on  the  other  hand,  whenever  the  charging  resistor 
was  shorted  out,  the  arc  immediately  extinguished.  This  occurred 
even  though  the  condensers  were  charged  up  to  within  a  fraction  of 
a  volt  of  the  average  arc  potential.  No  simple  explanation  could 
be  found  for  this  behavior.  It  should  be  noted,  however,  that  the 
electrical  noise  level  with  nitrogen  was  many  factors  higher  than 
with  argon. 


8.  OSCILLATIONS  AND  FLUCTUATIONS 

There  were  a  wide  variety  of  oscillations  and  fluctuations 
observed  in  the  arc  potential  drop,  the  luminous  intensity  and 
in  the  arc  chamber  pressure. 

a.  Low  Frequency  Effects 

(1)  Pulsing  1/10  -  15  hz 

When  the  led  magnetic  field  was  increased,  a 
value  was  reached  at  wh>  large  amplitude,  low  frequency  pulses 
sometimes  occurred.  An  example  of  the  pulsing  mode  is  shown  in 
Figure  39  where  the  fluctuations  in  voltage,  light  intensity  and 
2  k  hz  noise  are  displayed.  This  pulsing  could  be  stopped  by 
making  any  one  of  the  following  changes: 

(a)  Reducing  the  arc  length. 

(b)  Increasing  the  chamber  pressure. 

(c)  Decreasing  the  magnet  current. 

(d)  Decreasing  the  arc  current. 
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It  was  possible  to  adjust  the  parameters  of  the  test, 
so  that  pulsing  would  occur  at  rates  as  low  as  1  every  10  seconds. 
Measurements  with  a  piezo  electric  pressure  gauge  indicated  that 
pressure  fluctuations  were  occurring  in  phase  with  the  voltage 
fluctuation. 

(2)  Low  Frequency  Oscillations  cG  10 

Under  similar  circumstances  to  *h0  -  Att^r Jibed  above, 

sometimes  regular  oscillations  would  occu,r  i*  \  ff.ie  quantities. 
An  example  of  this  is  shown  in  Figuc  tS .*  T  «»•  oscillations 
could  also  be  stopped  by  making  any  one  of  th.  changes  fluted  above. 


Measurements  and  observatibas  of  these  types 

of  oscillations  led  to  the  conclusion  that  they  ^  re  ftu»4***ntally 
fluctuations  in  the  mass  of  gas  in  the  volume  o£  the  *?(  ^amber 
and  the  gas  feed  system.  Calculations  indic/atllT  theft  h%^ause  the 
inlet  slot  was  not  operated  sonically,  it  was  possible  %<P  att  up 
oscillations  in  the  frequency  range  observed. 

b.  Audio  Oscillations  1S00  -  9000  hz 

The  vortex  was  observed  to  have  a  characteristic  frequency 
associated  with  it,  independent  of  whether  the  arc  was  running  or 
not.  The  main  effect  observed  when  the  arc  was  turned  on  was  that 
the  amplitude  of  tin  sound  increased  by  one  or  two  orders  of  mag¬ 
nitude.  The  frequency  appeared  to  be  associated  primarily  with 
the  spin  rate  of  the  gas  as  it  left  the  orifice.  Near  the  device, 
the  noise  level  was  high  enough  to  require  ear  plugs  for  the 
operating  personnel.  Some  spectral  distributions  of  the  audio 
noise  as  picked  up  by  a  microphone  are  shown  in  Figures  41  and 
42.  Figures  43  through  47  also  show  the  audio  oscillations  occur¬ 
ring  at  the  same  time  as  the  low  frequency  oscillations. 

9.  CATHODE  ATTACHMENT  REGION 

Using  the  rapidly  spinning  disc  a  few  measurements  were 
made  on  the  arc  properties  near  the  cathode  attachment  point. 

The  tests  were  conducted  in  argon  gas  at  a  pressure  of  40  psia 
and  with  an  arc  current  of  275  amperes.  The  discharge  path  grew 
in  cross-section  from  a  few  millimeters  at  the  attachment  point 
to  a  diameter  of  about  7.5  am  in  less  than  a  millimeter.  From 
then  on  it  increased  in  diameter  slowly  to  a  value  of  about  9.0  mm 
at  a  position  two  centimeters  from  the  attachment  point.  The  cen¬ 
terline  radiation  decreased  rapidly  by  moving  downstream  of  the 
attachment  point  (see  Figure  48).  These  measurements  indicate 
that  the  highest  temperature  in  the  arc  is  reached  in  the  cathode 
attachment  region  and  that  the  temperature  drops  rapidly  in  ap¬ 
proaching  the  column. 
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SECTION  IV 


DATA  CORRELATION 


The  measurements  of  temperature  indicated  that  the  arc  tem¬ 
perature  remained  remarkably  constant  throughout  its  length  ex¬ 
cept  within  a  few  millimeters  of  the  cathode  attachment  region. 
This  makes  it  possible  to  neglect  axial  gradients  to  first  order 
and  to  analyze  the  data  using  the  assumption  of  constant  center- 
line  temperature.  As  pointed  out  in  Reference  5,  when  this  occurs 
a  quantity  can  be  obtained,  using  the  overall  measurements  of  arc 
voltage,  current,  and  arc  length  that  is  a  unique  function  of  the 
arc  centerline  temperature  and  the  chamber  pressure.  The  only 
assumption  needed  is  that  the  radial  profiles  of  specific  radia¬ 
tion  u  and  the  electric  conductivity  o  are  similar.  We  then  find 
that 


PYV  uc  PWV 

Ttrf^T  *  of"  *  c(Ti  *  Trn>T0T 


where  L0  is  the  distance  that  the  discharge  extends  into  the 
anode  before  it  attaches  to  the  anode  surface.  Now,  the  tem¬ 
perature  measurement  data  and  the  arc  optical  diameter  measure¬ 
ments  both  indicate  that  the  arc  centerline  temperature  does  not 
increase  significantly  as  the  arc  current  is  increased.  Rather, 
the  cross-sectional  area  of  the  arc  increases  proportionally 
with  the  arc  current  so  that  the  centerline  current  density  re¬ 
mains  constant.  For  this  reason  the  parameter  PwV/IL(L*LoJ  is 
expected  to  be  independent  of  the  arc  current  if  the  pressure  is 
maintained  constant.  See  Figure  49. 

In  order  to  try  and  get  an  estimate  of  the  value  of  L0,  the 
measured  quantity  PWV/I  was  plotted  vs.  the  arc  length  L  in 
Figure  SO  for  tests  conducted  at  a  constant  pressure  of  30  psia 
in  nitrogen  and  with  orifice  diameters  dA  of  1  cm  and  1/2  cm. 

The  result  is  rather  surprising:  first,  instead  of  being  qua¬ 
dratic  in  the  arc  length  as  expected,  the  function  is  linear 
with  an  intercept  giving  a  value  of  L0*6  cm;  second,  the  value 
of  PwV/I  appears  to  be  approximately  proportional  to  the  cross- 
sectional  area  of  the  orifice. 

The  conclusion  to  be  drawn  from  this  is  that  the  arc  center 
line  temperature  decreases  as  the  arc  length  is  increased  and  as 
the  orifice  area  is  decreased.  Also  it  does  so  in  a  manner  to 
keep  the  quantity  U£ 

The  next  question  of  interest  is  that  of  determining  the 
manner  in  which  the  quantity  u£  L/o^  A  changes  with  pressure. 


L/oc  A  constant. 


15 


Theory  (Reference  12)  indicates  that  the  electrical  conductivity 
changes  little  with  pressure  and  that  the  specific  radiation  in¬ 
creases  with  pressure  at  a  rate  that  varies  between  linear  and 
quadratic  at  constant  temperature.  The  temperature  measurements 
shown  in  Section  I I I. 2  indicate  that  the  arc  temperature  does  not 
change  significantly  as  the  pressure  in  the  arc  chamber  is  varied. 
Therefore,  a  plot  of  the  parameter  PWV/I(L*L0)  vs.  chamber  pres¬ 
sure  should  indicate  approximately  the  relation  between  uc  and 
pressure.  Such  a  plot  is  shown  in  Figure  SI  for  nitrogen^ith 
orifice  areas  of  1  cm  and  1/2  cm.  The  data  correlates  well  using 
the  relation  that  PwV/I(L*L0)  is  proportional  to  (p/pa)*'1* 

These  two  plots  indicate  that  when  there  is  no  applied  magnetic 
field  the  following  quantity  should  be  constant: 


P-V  A,  /p,y/«  «€  A!  I 

Hi  (lm.0)  jr*  \p  /  ny 


<Ca>0 


The  function  will  be  called  the  column  function.  Some  repre¬ 
sentative  points  are  presented  in  Table  V  and  Figures  52,  S3,  and 
S4  to  indicate  the  scatter  in  the  experimental  values  of  <Ca>Q. 

Some  discrepancy  exists  between  the  measured  centerline  tem¬ 
perature  and  the  estimated  temperature  using  the  specific  radia¬ 
tion  and  electrical  conductivity  data  from  Reference  13.  A  plot 
of  the  function  as  computed  from  the  data  in  Reference  13  is  shown 
in  Figure  S5.  For  an  arc  in  nitrogen  at  2  atmospheres  pressure, 

20  cm  long,  carrying  100  amperes  of  current  and  operating  with  a 
1  cm  diameter  orifice  the  measured  temperature  is  12,600*K.  The 
temperature  as  estimated  from  Figure  55  and  the  data  in  Table  V 
is  12,100*K. 


The  data  shown  in  Figure  24  indicate  that  the  radiation  from 
the  arc  decreases  by  several  factors  as  the  strength  of  the  applied 
magnetic  field  is  increased.  Using  the  information  gained  from 
the  stability  investigation  in  Section  III. 6  a  parameter  which 
characterizes  the  magnetic  field  interaction  with  the  arc  and  the 
flow  field  was  derived.  This  parameter  can  be  expressed  as 


L 


Wh  p/p« 


and  is  similar  to  the  terms  in  the  stability  criterion,  except  for 
the  length  terms  (L/Li).  The  C  function  is  plotted  vs.  this  param 
eter  in  Figure  56.  Although  there  is  considerable  scatter,  the 
correlation  can  be  of  considerable  value  in  estimating  magnetic 
field  strengths  necessary  to  effect  a  significant  reduction  in 
the  "normal"  amount  of  arc  radiation. 
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SECTION  V 


CONCLUSIONS 


The  "arc  physics"  of  a  vortex  stabilized  arc  operating  over 
the  restricted  range  of  parameters  encompassed  in  this  study  can 
be  summarized  as  follows: 

1)  The  arc  centerline  temperature  is  relatively  constant 
over  its  length.  Near  the  cathode  the  temperature  rises 
about  1000-2000*K. 

2)  The  arc  centerline  temperature  does  not  change  sig- 
nificantly  with  changes  in  the  arc  current.  The  arc 
channel  area  increases  approximately  proportional  to 
the  arc  current  so  that  the  centerline  current  den¬ 
sity  remains  relatively  constant. 

3)  The  arc  centerline  temperature  is  relatively  insensi¬ 
tive  to  the  pressure  in  the  arc  chamber.  Even  though 
the  centerline  current  density  rises  (arc  channel  di¬ 
ameter  decreases)  as  thq  pressure  increases,  it  appears 
that  the  increase  in  radiated  power  and  in  the  mass 
flow  of  gas  being  heated  helps  to  keep  the  arc  tem¬ 
perature  relatively  constant. 

4)  The  arc  centerline  temperature  decreases  as  the  arc 
length  is  increased,  as  the  orifice  area  is  decreased 
and  as  the  strength  of  the  axial  magnetic  field  is 
increased.  The  effect  of  the  first  two  can  be  ex¬ 
plained  qualitatively  as  resulting  from  the  change 

in  the  aaount  of  gas  per  unit  length  being  injected 
radially  into  the  region  of  arc  heated  gas.  The 
latter  effect  can  be  due  to  the  centripedal  forces 
on  the  heated  gas  in  the  helical  arc.  This  force 
convects  the  hot  gas  out  of  the  arc  channel  and  drives 
it  toward  the  centerline  of  the  chamber,  thus  causing 
cool  gas  to  enter  the  arc  and  reduce  the  centerline 
temperature  of  the  arc. 

The  application  of  an  axial  magnetic  field  to  an  axial  vortex 
stabilized  arc  causes  the  arc  to  follow  a  helical  path.  As  the 
strength  of  the  magnetic  field  is  increased  the  following  things 
occur: 

1)  The  radius  of  the  helical  arc  path  increases. 

2)  The  centerline  temperature  of  the  arc  decreases. 

3)  The  power  radiated  from  the  arc  decreases. 
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4)  In  nitrogen  the  arc  potential  drop  increases.  In 
argon  gas  the  arc  potential  drop  reaains  constant 
or  decreases  slightly. 

5)  The  arc  eventually  is  driven  unstable  and  strikes 
over  to  the  chaaber  wall. 

6)  When  the  aasnetic  field  strength  is  slightly  less 
than  the  critical  value  for  driving  the  arc  unstable, 
pulsations  and/or  oscillations  in  the  arc  voltage, 
the  radiation  intensity  and  the  chaaber  pressure  can 
occur.  These  are  a  very  low  frequency  pnenoaena  and 
are  probably  associated  with  fluctuations  in  the  aass 
in  the  arc  chaaber. 

The  "optical"  diaaeter  of  the  arc  was  aeasured  and  found  to 
vary  in  the  following  Banner. 

1)  The  arc  diaaeter  is  larger  near  the  cathode  end  than 
it  is  near  the  anode  end  by  a  factor  of  about  1.27. 

2)  The  arc  channel  area  increases  proportional  to  the 
arc  current,  so  that  the  centerline  current  density 
reaains  relatively  constant. 

3)  The  arc  channel  area  decreases  as  the  chaaber  pres* 
sure  increases. 

4)  The  arc  channel  area  increases  as  the  arc  length  is 
increased. 

Putting  a  filter  into  the  arc  electrical  circuit  caused  a 
significant  reduction  in  the  noise  and  ripple  of  the  anode  to 
cathode  voltages  in  arson  gas.  The  arc  would  not  operate  in 
nitrogen  gas  when  the  filter  was  in  the  circuit. 


TABLE  1 


MEASURED  ARC  TEMFERATURES  AND  RADII 


Cas 

I 

P 

Posi¬ 

L 

d 

T*K 

Aaps 

psia 

tion 

ca. 

— 

N2 

100 

SO 

cath 

20 

4.30 

13,300 

"2 

100 

SO 

anode 

20 

3.40 

12,600 

N2 

100 

30 

anode 

20 

3.37 

12,100 

n2 

ISO 

30 

anode 

20 

4 .35 

12,400 

N2 

17S 

SO 

anode 

20 

5.18 

12,200 

N2 

100 

60 

anode 

20 

2.71 

12,400 

N2 

100 

75 

anode 

20 

2.70 

13,000 

TABLE  III 


OPTICAL  DIAMETER  (dc  n  )  OF  ARC  AS  DETERMINED 
FROM  MEASUREMENTS  WITH  THE  SLOW  DISC 


Gas 

I 

Aaps 

hL. 

L 

cm. 

Posi¬ 

tion 

dS.D, 

A 

100 

30 

30 

anode 

6.6 

A 

ISO 

30 

30 

anode 

7.6 

A 

200 

30 

30 

anode 

9.7 

A 

250 

30 

30 

anode 

10.4 

A 

300 

30 

30 

anode 

11.4 

A 

200 

30 

10 

anod'~ 

7.3 

A 

300 

30 

10 

anode 

8.8 

A 

400 

30 

10 

anode 

9.9 

A 

4S0 

30 

10 

anode 

10.  S 

A 

500 

30 

10 

anode 

11.1 

n2 

100 

30 

20 

anode 

3.4 

N2 

100 

60 

20 

anode 

3.0 

n2 

100 

75 

20 

anode 

2.9 

n2 

ISO 

30 

20 

anode 

4.3 

n2 

200 

30 

20 

anode 

S.4 

21 


TABLE  IV 


OPTICAL  DIAMETER  (dp  c  )  OF  ARC  AS  DETERMINED 
FROM  MEASUREMENTS  #ITH  THE  FAST  DISC 


Gas 

I 

P 

L 

Posi* 

dF.D 

A«ps 

ps  la 

cm. 

tion 

m.u 

A 

100 

30 

9 

anode 

S.O 

A 

100 

30 

18 

anode 

S.4 

A 

100 

30 

36 

anode 

6.2 

A 

200 

30 

36 

anode 

8.1 

A 

200 

30 

18 

anode 

7.4 

A 

200 

30 

9 

anode 

6.7 

A 

300 

30 

36 

anode 

10.8 

A 

300 

30 

18 

anode 

8.1 

A 

300 

30 

9 

anode 

7.3 

A 

300 

43 

9 

anode 

6.4 

A 

300 

43 

1? 

anode 

6.9 

A 

300 

43 

36 

anode 

8.3 

A 

275 

40 

19 

17.3 

ups trees 
of  anode 

8.6 

N2 

100 

30 

20 

•« 

3.8 

N2 

100 

30 

30 

«• 

4.3 

n2 

100 

30 

36 

•I 

4.6 

n2 

100 

30 

10 

anode 

3.1 

n2 

100 

30 

20 

anode 

3.4 

n2 

100 

30 

30 

anode 

3.7 
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TABLE  V 


TABULATED  DATA  FOR  NITROGEN  SHOWING 
AMOUNT  OF  SCATTER  IN  CORRELATION  FUNCTION 


f* 

I 

V 

P 

L 

p 

d 

Awps 

Volts 

k.w. 

CM. 

£ si* 

c». 

•  o 

100 

584 

4.93 

10 

30 

1.0 

•  © 

100 

633 

7.00 

20 

30 

1.0 

•  © 

100 

717 

8.49 

30 

30 

1.0 

•  o 

100 

625 

7.34 

20 

30 

1.0 

•  © 

100 

707 

9.05 

30 

30 

1.0 

•  o 

100 

770 

9.53 

36 

30 

1.0 

1.0 

100 

699 

7.7S 

20 

35 

1.0 

1.0 

ISO 

609 

14.3 

20 

35 

1.0 

1.0 

200 

553 

21.0 

20 

35 

1.0 

2.0 

100 

581 

6.17 

20 

25 

1.0 

2.0 

100 

739 

8.65 

20 

35 

1.0 

2.0 

100 

874 

10.6 

20 

45 

1.0 

2.0 

100 

948 

12.3 

20 

55 

1.0 

1.5 

100 

592 

6.4 

40 

40 

0.5 

1.5 

100 

680 

9.5 

40 

so 

0.5 

2.0 

100 

406 

4.0 

30 

30 

0.5 

2.0 

ISO 

320 

7.05 

30 

30 

0.5 

l.S 

100 

4S0 

4.23 

20 

35 

0.5 

1.5 

100 

546 

s.eo 

20 

45 

0.5 

1.5 

100 

60S 

6.42 

20 

55 

0.5 

1.5 

100 

670 

7.15 

20 

65 

0.5 

p 

HI 

rV  Aj 

TT^T  TT 

/p«V/« 
\P  / 

■  <C*>o 

L  ■ 

L0  - 

.20 

.06 

i*0  ■  .vo 

Ai  -  j-  10"4 


Volt?* 

3.16x10s 

3.12x10s 

3.00x10s 

3.12xlOS 

3.14x10s 

3.10x10s 

2.80xl05 

3.00x10s 

3.00xl0S 

3.17x10s 

3.30xl0S 

3.42x10s 

3.15x10s 

3.78x10s 

4.60x10s 

3.20x10s 

2.95x10s 

4.00x10s 

4.50xl0S 

4.15xlOS 

4.10xl0S 
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S  FLOW  RATE 


Arc  Electric  Field  vs  Arc  Current  in  Argon 


RADIATED  (kw) 


Fig.  5.  Power  Red i»tmd  wt  Arc  Length  in  Argon 


POTENTIAL  DROP  (volts) 


ARC  LENGTH  (cm) 

Fig.  t.  Arc  Potentiel  Drop  vs  Arc  Length  in  Nitrogen 
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1200 


PRESSURE  (ptfa) 

Fig.  9.  Arc  Potential  Drop  vs  Pressure  in  Nitrogen 


Fig.  10.  Arc  Electric  Field  vs  Pressure  in  Nitrogen 


M3  tO  HIM 


Fig.  11.  Arc  Power  Radiated  vs  Arc  Length  in  Nitrogen 


I 


2  3 

PRESSURE  (otm.) 


4 


5 


Fig.  12.  Arc  Power  Radiated  vs  Pressure  in  Nitrogen 


.to 


Fig.  16.  Intensity  of  Radiation  at  S460A  and  at  Two  Axial  Positions  fron  Nitrogen 
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Fif.  18.  Intensity  of  Radiation  at  5460A  and  at  Different  Chaaber 
Pressures  froa  Nitrogen 


Ml  TEMPERATURE  PR) 


Fig.  20.  Relation  Between  Radiated  Power  at  5455A  and  Temperature 
for  Argon 
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0  .4  .8  1.2  1.6  2.0  2.4 

i 

DISTANCE  FROM  ARC  CENTERLINE  (mm) 

o.  i  n  c  -j 

Fig.  22.  Temperature  Profile  in  Nitrogen  for  a  100  Ampere  Arc 


3 


12000 


.8  1.2  16  2.0  2.4  2.8 

DISTANCE  FROM  ARC  CENTERLINE  (mm) 

Fig.  23.  Teaperature  Profile  in  Nitrogen  for  a  150  Aapere  Arc 


Fig.  24a.  Power  Radiated  from  an  Arc  in  Argon  vs  the  Applied 
Magnetic  Field  Strength 
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0.1  0.2  0.3  0.4  05  Q6  0.7  0.8  Q9 

B-  FIELD  (tMla) 

Fig.  24b.  Ratio  of  Power  Radiated  to  Power  in  Gas  in  Argon  vs 
the  Applied  Magnetic  Field  Strength 


t 


Fig.  25.  Arc  Potential  Drop  in  Argon  vs  the  Applied  Magnetic 
Field  Strength 


ARC  "DIAMETER 


14 


9 At  “  AR90N 
P  ■  >0  M|« 


/  10 

too 

/  t0 

soo 

400 

/  10 

000 

•  II 


B-  FIELD  (tttia) 


Fig.  26  "Effective"  Arc  Diaaeter  in  Argon  vs  Applied  Magnetic 
Field  Strength 


Fig.  27.  Electrical  Noise  Level  Around  20K  Hz  ir.  Argon  vs 
Applied  Magnetic  Field  Strength 
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_  l 


0 


B  -  FIELD  (tMlo) 


Fig.  21b.  Ratio  of  Power  Radiated  to  Power  in  Gas  in  Nitrogen  vs 
the  Applied  Magnetic  Field  Strength 


SI 


MAGNETIC  FELD  STRENGTH  CtMla) 


Fig.  31.  Electrical  No  is*  L*v*l  Around  20k  Hz  in 

Nitrogen  vs  th*  Applied  Magnetic  Field  Strength 

S3 


Fig.  32.  Electrical  Noise  Level  Around  2k  Hz  in  Nitrogen 
vs  the  Applied  Magnetic  Field  Strength 
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Ordinate  10  m.  V/cm 
Abscissa  0.2  m  sec/cm 
B  «  0 


Ordinate  10  m,  V/cm 
Abscissa  0.2  m.  sec/cm 
B  *  .  024  Tssla 


Ordinate  10  m.  V/cm 
Abscissa  0.2  m.  sec/cm 
B  *  0.0225  Tesla 


Ordinate  10  m.  V/cm 
Abscissa  0.  2  m.  sec/cm 
B  >  0.030  Tssla 


Figure  33.  Oscilloscope  Traces  Hu 

Nitrogen  for  Several  "Negative  *l<c  fc.'rengths 
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Ordinate  10  my /cm 
Abscissa  0.2  m.  sac/cm 
B  =  0.  045  Tesla 


Ordinate  10  m.  V/cm 
Abscissa  0.  2  m.  sec/cm 
B  =  0.060  Tesla 


Ordinate  10  m.  V/cm  Ordinate  10  m.  V/cm 

Abscissa  0.  5  m.  ssc/cm  Abscissa  0.  5  m.  ssc/cm 

B«  0.075  Tesla  B*  0.090  Tesla 

Figure  33  (cont'd) 

56 


Ordinate  10  m.  V/cm 
Abscissa  0.  2  m.  sec/cm 
B  a  0 


Ordinatte  IQ  m,  V/cm 
Abs***^  0, 2  m.  sec  /cm 
B  i  "M05  Tesla 


Figure  34.  Oscilloscope  Traces  from  the  Fast  Disc  In  Nitrogen 
for  Several  "Negative"  Magnetic  Field  Strengths 


Ordinate  10  m.  V/cm 
Abscissa  0.  5  m.  sec/cm 
B  =  -0.0195  Tesla 


Ordinate  10  m.  V/cm 
Abscissa  0.  5  m.  sec/cm 
B*  -0.030  Tesla 


Ordinate  10  m.  V/cm 
Abscissa  0.  5  m.  eec/cm 
B*  -0.  045  TesU 


Figure  34.  (cont'd) 
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Fig.  35.  Computed  and  Measured  Light  Intensity  Ratio  from  Arc 


Magnet  1000  Amps 
Current  F.S. 


Arc  500 

Current  F.S 


Arc  200  Volts 

Voltage  F.S. 


360  hz  20  Volts  (RMS) 


Radiation  200  m.V 
Intensity  F.S. 


Pressure 


2.0k  Hz  20  Volts  (RMS) 


20k  Hz  20  Volts  (RMS) 
Noise  F.S. 


Wide  Spectrum  25  m.V(RMS) 
Optical  Noise  F.S. 


IZINt  FORCE  (it*.) 


Arc 

Current 


Arc  200  Volts 

Voltage  F.S. 


360  Hz  1  Volt(RMS) 
Noise  F.S. 


Radiation  200  m.V 
Intensity  F.S. 


2.0k  Hz 
Noise 

200  m.V(RMS) 
F.S. 


20k  Hz 
Noise 

*  »  '  i 

200  m.V  (RMS) 
F.S. 


Gas:  Argon 

Pressure:  IS  psia 


Arc  50  i 
Length  F.S 


t 

• 

i _ 

Fig.  38 
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tlx 


Volts 


200  m.V(RMS) 


Pressure:  18  psia 

Pulse  Rate:  1.68  Hz 


1000  Amps 


Current  F.S. 


* .  ^  *  *  *  *  .  * » - 

Arc  200  Amps  t  - 

Current  F.S. 


Voltage  F.S. 


360  Hz  1  Volt (RMS) 
Noise 


20k  Hz  200  m.V(RMS) 
Noise  F.S. 


Fig.  39 


Radiation 

Intensity 


200  n.V 
F.S 

T-: 


2.0k  Hz 
Noise 


♦Arc 

'Length 

*■  f-H  f  -i  ? 


50  cm 
F.S. 
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Magnet  1000  Amps 
Current  F.S. 


:  tlilti}:}  Lli  l 


Arc  500 

Current  F.S 


200  Volts 
F.S. 


Arc 

Voltage 


360  Hz  20  V (RMS) 


Radiation  200  m.V 
Intensity  F.S. 


2.0k  Hz  20  V (RMS) 
Noise  F.S. 


Pressure 


Arc 

Length 


20k  Hz  20  V (RMS) 
Noise  F.S; 


Chart  25  — 

Speed:  se 

Osc.Freq:  57  Hz 


l  Wide  Spectrum  25  m.V(RMS) 
Optical  Noise  F.S. 


Fig.  40 


\MJL 


Fig.  41 

Centerline  Freq.  ■  5  k  hi;  2V/cm 
Arc  Off 

Output  from  Hotwire 


Fig.  42 
Upper  Trace 

Centerline  Freq.  ■  5  k  hi;  0.  5V/cm 
Lower  Trace 

1  m.  tec /cm  ;  10  m.  V/cm 
Arc  On 

Output  from  Microphone 
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ig.  43 

Ordinate  50  m.  V/cm 
Abacieaa  50  m.  eec/cm 
Signal  Acroas  Electrodea 


Fig.  44 

Ordinate  5  m<v/cm 
Abaciaaa  2  m.  eec/cm 
Peizo  Gauge  Output 
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Ordinate  10  m.  V/cm 
Abie isaa  50  m.  sac /cm 
Photo  Call  Output 


Fig.  46 

Ordinate  5  m.  V/cm 
Abscissa  2  m.  sac /cm 
Microphone  Output 
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FREQUENCY  (k  Hz) 


Fig.  47.  Audio  Frequency  vs  Chamber  Pressure 
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Fig.  48.  Radiation  Level  Near  the  Cathode  Attachaent  Point 


Fif.  49.  Arc  Diaaeter  vs  Arc  Current 


O' 9 


Q 

♦ 

9113 AV9V9  $111919099  09V 


71 


10 


50 


100 


PRESSURE  (psio) 


Fig.  SI.  Arc  Properties  Parameter  vs  Chasiber  Pressure 
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APC  IFNfiTU  (aid 


iou 


(V0tt«/n#f9r) 


TEMPERATURE  <*K»IO*) 

Fig.  SS.  Theoretical  Values  for  the  Function  C(T,p)  for 
Nitrogen  Taken  Froa  Reference  13. 
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COLUMN  FUNCTION  (C0)0  (v0,tl/mat#r) 


35x10*1 


Fig.  S6.  Correlation  of  the  C*Function  with  the  Magnetic 
Interaction  Paraaeter 


7S 


APPENDIX  I 


RADIATION  INTENSITY  OBSERVED  BY  SCANNING 
A  SPINNING  AND  CONVECTING  HELICAL  ARC 


The  calculation  of  the  light  intensity  that  would  be  ob¬ 
served  from  an  arc  that  follows  a  helical  path  and  is  convected 
both  azimuthally  and  axially  can  be  carried  out  easily  by  con¬ 
sidering  it  from  a  geometric  point  of  view.  Figure  Al-1  shows 
the  geometric  diagram  needed.  The  arc  radius  is  defined  by  Yo 
and  R  represents  the  radius  of  the  helix.  It  is  assumed  that 
the  cross-sectional  area  of  the  detector  is  very  much  smaller 
than  the  arc  radius.  Place  the  detector  a  distance  y  from  the 
center  of  symmetry  and  now  compute  the  light  intensity  observed 
there.  Let  the  radial  distribution  of  specific  radiation  in 
the  arc  be  given  by  ^fCy/Yrt)*  The  intensity  observed  from  an 
element  of  the  arc  along  Xo  ** 


di  -  ir/4(Ay)1  2y  •  f(Y/Y0)  <*X  AI-1 

The  element  Ax  can  be  expressed  in  terms  of  angles  as  follows 


»  co»*8  V  y  -  “c‘  “  d  « 

COS3  o 

Using  the  relation  that 

R  cos  8  ♦  y  ■  y0  cos  6 
the  intensity  can  be  expressed  as 

i  •  r(Ay)1  U£  A(y/y0)  R  cos'1"6 a*"  y  d° 


Since 


X  .  R  cos  6  ♦  y  m  cos  ♦ 


Y0  cos  o 


cos  a 


AI-2 


AI-4 


i  •  7  (Ay)1  u C  Y0  COS  4  /  f(£®»-i)  S2—  AI-5 

*  X  v  o  cos  o  cos*  o 

If  the  distribution  function  f(Y/Y<>)  l*  parabolic,  the 
integral  can  be  evaluated  as  follows 
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Fig.  57 .  Geometric  Configuration  for  Computing  Observed 
Light  Intensity  for  a  Moving  Helical  Arc 
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■  ¥■ 


cos*  a 


AI-6 


A 1  -  *■ .  t.n  ♦  -  cos'*  I* 

-  cos*  a  cos*  a  JQ  cos* 

,in  4  fcoW  •  cos  *] 

The  intensity  then  becomes 

i  -  £(Ay)*  y0  yg  | sin* 

Using  the  expression  AI-3,  this  becomes 

i  ■  Y„  (l  -  (1 '-UL£°LJ.)‘J  ,h  u-7 

Now  the  spin  rate  of  the  discharge  is  given  by  <u±>  hence 

6  ■  <w±>  AI-8 

The  parameter  y  represents  the  position  of  scan  and  can  be 
represented  by 

y  ■  R<j  sin  wj  t  AI-9 

or  when  t  «  £ 

y  ■  Rd  «d  t  AI-9a 

The  final  expression  for  the  intensity  of  the  light  is 


i  -  i  Ur)'  Yo  fl  -  (W***  ■_*.  c»»  «  ,/‘  AI 

This  expression  is  evaluated  for  several  values  of 


10 


Rd  wd  R 


dui 


Y0  Yo 

The  reference  intensity  is  called  i0  where 

io  •  y(Ay)*  Y0  u^ 


Figures  SI  through  70  show  plots  of  the  function  in  Figure  66 
vs.  the  time. 
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too 


TIME  (micro  mc) 


200 


Figure  70.  Light  Intensity  Observed  by  Scanning  a  Connecting 
Helical  Arc 
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APPENDIX  II 


STABILITY  OF  A  HELICAL  ARC 

The  forces  on  a  thin  helical  arc  in  an  axial  magnetic  field 
can  be  computed  rather  easily  if  the  self  magnetic  force  is 
neglected.  Referring  to  Figure  71  the  azimuthal  current  den¬ 
sity  is  given  by 

je  “  jz  tan  6  A2.1 

The  radial  force  density  is  hence 

JeB  -  jz  B  tan  6  A2.2 

The  total  radial  force  on  the  arc  is  hence 

F  •  B  I  L,  tan  6  A2.3 

where  La  is  the  length  along  the  helix.  Since 

La  ■  L  ^1  ♦  (22*)  *j  |  tan  0 

.  2wR  A2.4 

nr 

the  total  force  outward  on  the  arc  is 

Fc  .  2*  B  j[  k  -R  {l  ♦  1/1  A2.5 

The  restoring  inward  force  due  to  the  gas  spin  can  be  computed 
for  a  discontinuous  density  model  arc.  If  the  density  in  the 
arc  is  pa  and  the  outside  density  is  p  where  the  density  change 
takes  place  at  an  "arc  radius"  of  ya  then  the  radial  inward  force 
on  the  arc  is 

Mass  defect  x  centripetal  acceleration 

Fi  ■  (P'Pa)  »Ya*  I*,  —  A2.6 

where  v  is  the  average  gas  spin  velocity  at  the  radian  position  R. 

Fi  •  (P’Pa)  »Ya*  ~L  £  ♦  A2.7 

For  stability,  the  following  inequality  must  hold 


2irB  I  L  R  ,  .  ,2^2  l/2  .  .  ,  v2L 

- X -  1  *  (T->  £  (p-pa)  "Ya  17 


f 


1  ♦  1/2 


A2.8 


or 


F-  (P'(IA)  ^  5  V 


A2.9 


This  derivation  is  essentially  the  same  as  that  given  in 
Reference  11. 
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